This contribution discusses the importance of mass model degeneracies in gravitational lensing for cosmological applications, especially the still important determination of H 0 . The lens effect avoids most systematic uncertainties inherent in other methods and is in principle able to determine cosmological parameters relatively independent of knowledge or prejudice from other astrophysical fields. In order to utilize this advantage, it is necessary to have the possible systematic errors of the lens method itself well under control. The most important model degeneracies as well as possible ways to overcome the difficulties are reviewed. (2002) give, in addition to an extensive discussion of the subject, a result of 60 ± 5. The WMAP data set on its own does not provide any useful constraints for H 0 at all unless it is combined with model assumptions (e.g. equation of state parameter w = 1 for the dark energy or flatness of space) or with additional astrophysical data (e.g. results from the 2dF redshift survey or from investigations of the Lyα forest). Taking into account the very different methods used, the agreement within 3 σ is quite encouraging, but it is also clear that some systematic effects of the various methods are not completely understood or that some of the model assumptions are not satisfied exactly. All of these methods are very complicated, rely on the understanding of many astrophysical processes in all their steps and generally need a very high effort in order to produce their results. The method of using the gravitational lens effect to determine the Hubble constant from time-delays as proposed by Refsdal (1964) is on the other hand relatively 1
Why bother about the Hubble constant from lensing?
With regard to the recent results from the HST key project (Mould et al., 2000; Freedman et al., 2001 ) of H 0 = (71 ± 6) km s −1 Mpc −1 (1 σ) or from the first year of the WMAP satellite of 71 ± 4 (Spergel et al., 2003) , one might argue that the problem of the determination of the Hubble constant is solved and move on to different topics. It should be kept in mind, however, that these results are far from being unique or undisputed. For the local distance ladder methods, other groups obtain very different values using very similar methods and data sets. Sandage (1999) determines a value of 53 ± 7 (1 σ), Parodi et al. (2000) obtain 59 ± 6 (90 %). Tammann et al. (2002) give, in addition to an extensive discussion of the subject, a result of 60 ± 5. The WMAP data set on its own does not provide any useful constraints for H 0 at all unless it is combined with model assumptions (e.g. equation of state parameter w = 1 for the dark energy or flatness of space) or with additional astrophysical data (e.g. results from the 2dF redshift survey or from investigations of the Lyα forest). Taking into account the very different methods used, the agreement within 3 σ is quite encouraging, but it is also clear that some systematic effects of the various methods are not completely understood or that some of the model assumptions are not satisfied exactly. All of these methods are very complicated, rely on the understanding of many astrophysical processes in all their steps and generally need a very high effort in order to produce their results. The method of using the gravitational lens effect to determine the Hubble constant from time-delays as proposed by Refsdal (1964) is on the other hand relatively simple and easy to apply. The only physics it relies on is the static weak field limit of general relativity, which is well understood and confirmed by many observations, and the validity of a Friedmann-Robertson-Walker cosmological model. To apply the method, everything needed is a lens with measured redshifts and image positions relative to the lens, a well-determined time-delay and a good parametrized model for the mass distribution of the lens. If we assume that the measurement errors can be estimated reliably, it becomes clear that the mass distribution of the lens is the only critical point of the method. In contrast to the other methods, we have the advantage that it is quite easy to scan all possible mass models (that are compatible with the observational data) to estimate the possible uncertainties in our estimates of H 0 . The difficulties should not be underestimated, but the effort is nevertheless much smaller than that of projects like WMAP or the HST key project.
Relations between mass distribution and observables
We can describe the (2-dimensional) mass distribution of a lens by the surface mass density σ, the potential ψ or by the resulting gravitational deflection angle α as a function of the position in the tangential sky plane z. These functions are related linearly in a simple way:
As observable data we can have the image positions z i , the time-delays between the images ∆T ij , relative amplifications µ i /µ j and relative magnification matrices M −1 i M j in the case of extended images. Lensing theory then provides relatively simple relations: Image separations z i − z j , magnification matrices M i and the product H 0 ∆T ij can be written as linear functions of the mass distribution, whilst amplifications and relative magnification matrices are non-linear but nevertheless easy to calculate for a given mass distribution.
It is rather obvious that the limited number of observational constraints will never be sufficient to determine the mass distribution uniquely. Usually parametrized models are used, the parameters of which can then be fitted to the observations. We speak of degeneracies if different mass models fit the same data set equally well. Saha & Williams (1997) and Williams & Saha (2000) use nonparametric models in order to explore the space of possible models. They do not constrain the parameter space by simple assumptions and consequently find much larger uncertainties of the results than very simple parametrized models might suggest.
Mass-Sheet Degeneracy
The most important and general degeneracy was first described by Falco, Gorenstein & Shapiro (1985) and Gorenstein, Shapiro & Falco (1988) . This degeneracy is easy to understand. We start with the lens equation, which gives the relation between the image position z, the deflection angle α and the true source position z s ,
and multiply it with the constant 1 − κ:
This transformation results again in a lens equation,
with a scaled source and an alternative lens model given by
This is equivalent to scaling the old lens model with 1 − κ and adding a sheet of constant surface mass density κ. That means that this transformation does not change the lensing geometry and can thus not be detected from geometrical measurements. The trouble is, that H 0 ∆T scales with 1 − κ as well, so that no unambiguous result for H 0 can be obtained. 
Radial Mass Profile
As found by Refsdal (Wucknitz & Refsdal, 2001) , the mass-sheet degeneracy offers a simple explanation for well-known degeneracies of the radial mass profile in lenses. For simplicity, we start with an isothermal profile as a special case of a powerlaw model, ψ ∝ r β , σ ∝ r β−2 , α ∝ r β−1 with β = 1 and apply the mass-sheet transformation. The resulting deflection angle can then be approximated with a different power law with exponent β (Fig. 1) . One finds that 2 − β ≈ 1 − κ so that H 0 ∆T ∝ 2 − β. This confirms many authors' findings that the result for H 0 strongly depends on the radial mass profile. The shallower the mass profile, the lower H 0 ∆T . Unfortunately this scaling with 2 − β is the same for all lenses so that systematic errors in the assumed β lead to systematic errors in H 0 without showing as scatter in the results from several lenses. Figure 2 . Results for H 0 as a function of redshift of the objects used, including results from five lenses (taken from Koopmans & Fassnacht, 1999) . With the exception of PG1115+080, all results agree quite well with each other.
Concordance of results?
Koopmans & Fassnacht (1999) present the compilation of results for the Hubble constant shown in Fig. 2 . With one exception, the results of all five lenses used there agree well with each other and with the other methods. Recently, however, this seeming concordance has been disputed by Kochanek (2002a Kochanek ( ,b, 2003 and Kochanek & Schechter (2003) who find that a sample of lenses gives a very low value for H 0 when using standard isothermal (or dark matter, DM) lens models and is compatible with the local HST key project result only if a much more compact radial mass distribution is allowed, very close to models with a constant M/L ratio. The numbers are reproduced in Table 1 . Figure 3 illustrates the combined fits graphically.
We can conclude that the results obtained so far are not consistent with each other. The controversy can be formulated like this: Are results for H 0 from lenses with standard (isothermal) dark matter mass models in agreement with local estimates like the Hubble key project or is their value significantly lower? In order to Table 1 . Results for a sample of lenses calculated for standard isothermal DM models and for more centrally concentrated constant M/L models (taken from Kochanek, 2002b) . answer this question, we have to put our focus on the lens systems individually and use the best constraints available, not only to determine H 0 but also to estimate possible errors. As examples we present results for the two well studied systems PG1115+080 and B1608+656.
Detailed Modelling: PG1115+080
The standard model for this quad (see Fig. 4 ) was published by Impey et al. (1998) .
With isothermal models, they obtain a result of H 0 = 44±4 while constant M/L ratio models lead to 65±5. This seems to agree with the claim that standard DM models are compatible only with very low values of the Hubble constant. PG1115+080 is indeed the system with the lowest result for H 0 . Treu & Koopmans (2002) used the very promising approach of combining information from lensing with measurements of the stellar kinematics in the lensing galaxy in order to constrain the radial mass profile. They find that isothermal models would require a velocity dispersion of σ v = (219 ± 5) km s −1 while the observed dispersion is significantly higher, σ v = 293±20. This means that the centre of the potential well has to be deeper than expected, i.e. the mass profile has to be steeper than isothermal. Treu & Koopmans (2002) find a best fit for β = 0.65, leading to a Hubble constant of H 0 = 59 ± 10, in good agreement with the expected scaling with 2 − β = 1.35.
The results for this system seem to support the view that isothermal models lead to very low values for H 0 and that the real mass distribution is significantly steeper than isothermal.
Detailed Modelling: B1608+656
This system has a special advantage in the fact that all three independent timedelays between the four images are known with a very good accuracy (Fassnacht et al., 2002) . Unfortunately, the lens consists not only of one isolated galaxy but of a pair of, possible interacting, galaxies. It is not clear how this influences the mass distribution of the galaxies and how it affects the results. Fassnacht et al. (2002) determine a value of H 0 = 63 ± 15 for isothermal models of both galaxies. Including stellar dynamics considerations similar to the ones in PG1115+080, are able to constrain the mass profile especially of the main galaxy and find it close to isothermal. The result of H 0 = 75 ± 7 is consistent with the previous one but also with those from the WMAP satellite and the HST key project.
B1608+656 can be described well by isothermal models but nevertheless leads to values of H 0 in the higher range. We learn that PG1115+080 and B1608+656 seem to have very different properties and that (at least in these two cases) it is necessary to determine the mass models of lenses individually to the highest degree possible. Using one and the same simple approach for all systems may not be able to reach the highest possible accuracy. At least the most extreme interpretations that either all lenses are almost isothermal or all are significantly more compact are much too simple to explain all observations. We conclude that one should put as much effort as needed in the modelling of the lenses individually in order to utilize all constraints for the mass models.
Ellipticity vs. external shear
The radial density profile seems to be the most important free parameter in general, but at least for a number of systems degeneracies of the azimuthal mass distribution can be equally significant. In simple models perturbations of spherical symmetry are described either by an ellipticity of the main lens, by "external shear" (perturbations from external masses) or by a combination of both. Unfortunately the observational constraints are sufficient to decide between these models only in a few cases. Generally, internal asymmetry in a power-law model can be described by a potential ψ(z) = F (θ) r β with an arbitrary azimuthal function F (θ). The degeneracy between this function F and external shear is described in Wucknitz (2002) . There we define a quantity called "critical shear" γ c which can be used to quantify the impact on H 0 determined from quadruple systems:
The smaller the critical shear, the more significant the effect of uncertainties in the external shear on results for the Hubble constant. In Fig. 5 we show how this critical shear can be determined in a geometrical way. We draw ellipses through all four images. The ellipticity of the roundest of these ellipses is a direct measure for γ c . The closer the images are to a round Einstein ring, the higher the impact of small external perturbations. Saha & Williams (2003) present an interesting generalization of this concept under the name of "apparent-shear ellipses". For very symmetric systems like the Einstein cross 2237+0305, transforming all the shear into ellipticity can change H 0 by a factor of 2.
Breaking degeneracies
In order to break the degeneracies, more information has to be included in the modelling process. One possibility is to use additional non-lensing information, e.g. surface photometry of the lensing galaxies or independent knowledge of galaxy mass distributions in general (e.g. from local measurements). The inclusion of kinematic/dynamic information has already been discussed above in the cases of PG1115+080 and B1608+656. See also . This is a very promising project but one has to keep in mind that the results depend on the dynamical models for the galaxies.
On the other hand we can including additional constraints from lensing itself by using systems with more images or images with internal substructure. In the latter case the relative distortions between the images provide additional constraints. Images of extended sources or Einstein rings of host galaxies or radio jets are an extreme case of this idea. Systems with multiply lensed extended emission can potentially provide constraints for the lensing potential not only at a small number of discrete image positions but over wide areas of the lens plane. Unfortunately such lens systems are rare and the modelling techniques are difficult.
Radio lenses seem to be especially well suited for such studies. Extragalactic background sources do usually show more structure at radio wavelengths than in the optical and this structure can be studied on scales from below milli-arcseconds to above arcminutes with radio interferometers. Our method of choice for the modelling of extended radio lenses is LensClean, first proposed by Kochanek & Narayan (1992) and Ellithorpe, Kochanek & Hewitt (1996) . In the next section we discuss some of our own results using this method combined with more classical modelling.
The lens B0218+357
This radio lens shows two bright compact images with the very small separation of 334 mas and the probably most richly structured Einstein ring with the same diameter (Patnaik et al., 1993) . It has a measured time-delay (Biggs et al., 1999; Cohen et al., 2000) and is thus a good candidate for the determination of H 0 . The lensing galaxy seems to be an isolated and regular spiral without significant external perturbations. The compact images show substructure on scales of milli-arcseconds (Patnaik, Porcas & Browne, 1995; Kemball, Patnaik & Porcas, 2001; Biggs et al., 2003) which can be used as additional constraint. The only problem is the small size of the system which makes the measurement of the position of the galaxy relative to the images very difficult.
With a newly developed improved version of LensClean (Wucknitz, 2003) , we were able to exploit the information provided by the structure of the Einstein ring to estimate the position of the lens with an accuracy of about 5 mas using isothermal lens models . This allows the first reliable estimate of the Hubble constant for this lens system. The result for isothermal models is H 0 = 78 ± 6, in good agreement with the WMAP and HST key project results although standard dark matter models have been used.
We can now use the substructure of the compact images which are resolved by VLBI. We find a relative stretching of the images which can only be explained by a small deviation from isothermality of the models. A quantitative analysis of the data using classical modelling leads to a mass profile with a power-law exponent of β = 1.04 ± 0.02, very close to isothermal (β = 1) but slightly shallower. For a fixed lens position this would mean we have to reduce our result of H 0 by 2 per cent but we actually found that the best lens positions we get from LensClean shifts slightly for this modified radial mass profile (about 4 mas) which compensates the expected scaling almost completely. We conclude that the most important degeneracy in lens models, the radial mass profile, can be broken in this system. We are planning to apply LensClean directly to the VLBI data and combine the analysis with a newly taken data set from the VLA in combination with the Pie Town telescope in order to derive even better constraints for the lens position and the radial mass distribution.
Conclusions
The lens effect seems to be superior to many other methods in the determination of the Hubble constant regarding the control of systematic errors. The only significant source of possible errors in well studied lens systems is the mass model of the lens. We learn that the standard set of constraints is not sufficient to determine the mass models uniquely but find that additional information, e.g. from the stellar dynamics of the lens or from additional structure revealed by radio observations and modelled with LensClean can be used to reduce possible errors of H 0 to a level not only competitive with other methods but in optimal cases even with significantly lower uncertainties.
